The dynamics of a bead sliding without friction along a periodically pulsating wire is under consideration. If the arc length of the wire is taken as the relevant coordinate, the motion of the bead is described by a periodic newtonian equation. Sufficient conditions are derived assuring that a given equilibrium is of twist type, a property that implies its nonlinear stability as well as a KAM scenario around it. Special attention is paid to the stabilization of unstable equilibria, in parallel with the stabilization of the inverted pendulum.
Introduction
A smooth function α : R 2 → R 2 with a T -periodic dependence of the first variable can be viewed as a pulsating curve in the plane. The aim of this work is to study the dynamics of a particle sliding without friction over such a periodically driven curve. If the curve is given by α(t, s) = (X (t, s), Y (t, s)) ∈ C 2,4 (R/T Z × R, R 2 ), we assume the following standing properties: (C1) α s (t, s) · α s (t, s) = 1 for all (t, s) ∈ R 2 , that is, s is the arc length of the curve s → α(t, s) for each fixed t ∈ R. (C2) The curve α is symmetric with respect to the axis OY , that is, X (t, ·) is an odd function and Y (t, ·) is an even function for every fixed t.
Here, · stands for the usual scalar product. By the symmetry condition, the curve has a critical point that is conserved on the axis OY . Then, a particle placed at this point never leaves this position and describes the periodic trajectory α(t, 0). Our aim is to derive geometrical conditions for the stability of this trajectory. As a particular case, we may think of the celebrated problem of the stabilization of the upper equilibrium of the pendulum by moving its suspension point [1, 2, 5, 6] .
By fixing a suitable system of measures, the gravitational constant can be taken as 1, so the potential energy is U (t, s) = Y (t, s). By using the condition (C1), the lagrangian can be written as
Therefore, Lagrange's equation of motion becomes
with e 2 = (0, 1). This is a newtonian equation with a periodic dependence of time.
Our intention is to fix conditions over the curve α(t, s) such that s(t) = 0 is an equilibrium of twist type of Eq. (1). Roughly speaking, a periodic solution is said to be of twist type if the first coefficient of the Birkhoff Normal Form associated with the Poincaré map is different from zero. The celebrated Moser's twist theorem [12] implies that a solution of twist type is Lyapunov stable. Also, the Poincaré-Birkhoff theorem provides the existence of infinitely many subharmonics with minimal periods tending to infinity, whereas KAM theory (see for instance [9] ) implies the existence of quasiperiodic solutions (invariant tori) and Smale horseshoes. In conclusion, around a solution of twist type the typical KAM scenario arises. There are a variety of twist criteria available in the literature, among which [10, 7] will be useful for us. The classical way to detect KAM dynamics is to prove that the system is close to an integrable one. In contrast, we will obtain non-perturbative results, that is, the pulsating curve is not near a stationary one.
In our opinion, the stabilization of maxima is especially interesting, since they are unstable if the curve is stationary. In this context, the paradigm is the stabilization of the inverted pendulum, mentioned before. In general, the stabilization of unstable equilibria has drawn the attention of many mathematicians and constitutes one of the main problems in control theory. We show some examples along these lines, paying some attention to the stabilization by high frequency vibrations, a phenomenon analogous to the well-known stabilizing effect for an inverted pendulum of rapidly moving its pivot [6] .
The rest of the work is organized as follows. The main result is stated and proved in Section 2. The required conditions are interpreted in terms of the second variation of the curvature in the equilibrium. Section 3 presents some illustrative examples and applications, with special attention given to the analysis of the pulsating ellipse as our main motivation. Finally, Section 4 presents the final conclusions of this work.
Main result
From the introduction, the differential equation (1) under study is s + f (t, s) = 0, where
Note that Y s (t, s), X tt (t, s) are odd functions in the second variable and hence they vanish in s = 0. In consequence, f (t, 0) = 0 for all t. In other words, s = 0 is an equilibrium solution of Eq. (1). We are interested in the twist character of this equilibrium. With this in mind, let us write the Taylor expansion of f (t, s) around s = 0 up to the third degree,
where
Lemma 1. The coefficients in (2) are given by
Proof. The key point is a suitable usage of condition (C1), which can be written as
Note that Y s (t, 0) = 0, so X s (t, 0) = 1. By deriving (4) with respect to t, we get X ts (t, 0) = 0. Hence, X tts (t, 0) = 0. Simple calculus gives
, and therefore
Higher coefficients can be computed in the same way. Now, we are in an appropriate situation for applying the wide variety of criteria based on the third approximation available in the literature. In the rest of the section, a, b, c are supposed to take the values given in (3).
Theorem 1. Let us assume that
Then, s = 0 is a solution of twist type of (1).
Proof. By continuity, condition (ii) means that the strict inequality holds in one sense or the other. Then, the result follows as a consequence of the main result in [10] .
In the previous result, the stability of the linear equation is understood in the Lyapunov sense. In practice, any stability criterion for Hill's equation together with condition (ii) provides a different result for (1) . For instance, the classical Lyapunov criterion gives the following result.
Corollary 1. Let us assume that
Here, a + (t) = max{a(t), 0} denotes the positive part of a. Let us mention that in [13] there is proved a quite flexible criterion for Hill's equation based in the L p norm generalizing the classical Lyapunov criterion that can be used to improve the previous corollary. Other stability criteria can be found in [3, 8, 11 ]. We will not insist on this direction. More important in our opinion is the geometrical interpretation of the coefficients (3). Note that as the curve is parametrized by the arc, the curvature is given by [4] k(t, s) = (α ss (t, s) · α ss (t, s))
By the symmetry conditions imposed, the curvature k(t, s) is an even function in s. Besides, k(t, 0) = |Y ss (t, 0)|. When one fixes the positive orientation in the plane, it is possible to define a signed curvature by watching the orientation type of the frame formed by the tangent and normal vectors at each point. The signed curvature is defined then by
Notice that k(t, s) = |K (t, s)|. As X s (t, 0) = ±1 we can choose the parametrization over the curve such that X s (t, 0) = 1. In this way we obtain
Now, it is possible to write the coefficients of the third order expansion as
Note that these coefficients involve the curvature function at zero, its velocity and acceleration, the second variation of curvature with respect to the arc s and the vertical acceleration at the equilibrium. In consequence we can refer to this approach as like a "second variation of curvature's approach".
Stabilization of unstable equilibria
The stabilization of unstable equilibria is of special interest in branches like control theory. We will present two examples of stabilization of an equilibrium which is a maximum of the given curve by means of a suitable periodic pulsation.
Stabilizing the upper equilibrium in the pulsating ellipse
A particle sliding over a stationary ellipse (with semiaxes p, q constant) has an unstable (hyperbolic) equilibrium, which corresponds to the upper vertex. The question is whether it is possible to find time-dependent semiaxes p(t), q(t) ∈ C 2 (R/T Z, R + ) stabilizing this equilibrium. The arc length parametrization of the curve is
where θ (t, s) is implicitly defined by the relation
The upper equilibrium corresponds to the solution s = 0.
Lemma 2. For the pulsating ellipse (6), the coefficients (3) are given by
where K (t) = − q(t) p(t) 2 . Note that the curvature K (t) in s = 0 is negative. We have the following result.
Corollary 2. Let us assume that p(t) ≡ P is constant. For any q(t) ∈ C(R/T Z, R + ) verifying
there exists a positive constant P * such that if P > P * , then s = 0 is a solution of twist type.
Proof. Taking p(t) ≡ P constant, the coefficient a(t) is a(t) = − q(t) P 2 (1 + q (t)). We will prove that the linear equation s + a(t)s = 0 is stable by using Lyapunov's criterion. First, note that
by condition (i). Besides,
On the other hand, the coefficient c(t) reads
Now, condition (ii) implies that c(t) is negative for P large enough, concretely if
Hence, taking P * = max{P 1 , P 2 } the conditions of Corollary 1 are satisfied and the result is obtained.
It is important to remark that P * is explicitly computable. Although it is not very easy to find explicit examples, numerical computations show that q(t) = (1.23 sin(sin t) + 10 −4 ) 2 holds with the assumptions of Corollary 2 and in this particular case P * 263 352.
An example of zero curvature in the equilibrium: A quartic curve
As a further example, let us consider a particle sliding over the curve
where p(t) ∈ C 2 (R/T Z, R + ) and the arc length parameter s is given by
In this case,
Taking into account that θ (t, 0) = 0, by using the formula in (3), the result is that the first order approximation coefficient is a(t) = 0 and therefore Theorem 1 does not apply. After some tedious but elementary computations we get that the third order coefficient is c(t) = −4 p(t), so it is negative and therefore the equilibrium is unstable for any p(t) ∈ C 2 (R/T Z, R + ) as a direct application of Theorem 2 in [7] . In the next result, we will see that the addition of a vertical oscillation is suitable for stabilizing this equilibrium. In the following, the mean value of a periodic function is denoted by p = 1 T T 0 p(t)dt. Proposition 1. Let us consider the curve
where s is the arc length parameter and p(t) ∈ C 2 (R/T Z, R + ) verifies that p 2 2 > T p. Then, the equilibrium s = 0 is of twist type as a solution of (1).
Proof. By computations similar to those carried out before, one obtains that
Hence,
, and the twist character of the equilibrium follows from [7] . As a corollary, we obtain the stabilization through high frequency oscillations, in analogy with the well-known phenomenon of the stabilization of the inverted pendulum with vertical oscillations of its suspension point. , then the equilibrium s = 0 is of twist type as a solution of (1).
Final conclusions
We have provided some stability criteria in the concrete physical model of a particle moving without friction over a pulsating symmetric wire. In this way it is shown that there is a close relation between curvature and stability. This general framework is illustrated by the stabilization of unstable equilibria in a pulsating ellipse and a variable quartic.
Several interesting problems remain open for future research, for example the study of pulsating curves with changing-sign curvature in a given equilibrium, the stabilization of an arbitrary maximum by vertical oscillations and the analysis of non-symmetric pulsating curves.
